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We consider the long-term dynamics of nonlinear dispersive waves in a finite periodic domain. The
purpose of the work is to show, for the first time, that the statistical properties of the wave field rely
critically on the structure of the discrete resonant manifold (DRM). To demonstrate this, we simulate
the two-dimensional MMT equation on rational and irrational tori, resulting in remarkably different
power-law spectra and energy cascades at low nonlinearity levels. The difference is explained in
terms of different structures of the DRM, which makes use of the recent number theory results.
I. INTRODUCTION
Wave turbulence describes the long-term statistical be-
havior of a large number of dispersive waves under non-
linear interactions. For any given physical context de-
scribed by nonlinear wave equations, wave turbulence
theory (WTT) predicts an inertial-range power-law spec-
trum associated with an energy cascade process, anal-
ogous to the Kolmogorov description of hydrodynamic
turbulence. Due to the generality of this mathematical
framework, WTT has found wide applications including
surface and internal gravity waves [e.g. 1, 2], capillary
waves [e.g. 3], plasma waves [e.g. 4], acoustics [e.g. 5],
and, recently, gravitational waves in the early universe
[e.g. 6].
In spite of its success, WTT relies on the assumption of
an infinite domain, which is violated in finite experimen-
tal facilities and numerical domains (say, with periodic
boundary conditions). In these bounded systems, the
spectral slope and energy flux are often observed to devi-
ate from the WTT solutions [e.g. 7–12]. These deviations
are (partly) attributed to the discreteness in wave num-
ber, ∆k, that results from the boundary conditions of the
finite domain. The effect of discreteness ∆k on wave dy-
namics can be understood through the quasi-resonance
conditions (say, for a quartet)
k1 + k2 − k3 − k = 0,
|ωk1 + ωk2 − ωk3 − ωk| ≤ Ω,
(1)
where k represents the wave number vector and ω is the
angular frequency determined from k by the dispersion
relation. Ω is the nonlinear broadening in frequency,
which increases with nonlinearity level [e.g. 13, 14]. It is
postulated that the WTT spectrum can only be (approxi-
mately) obtained in the regime of kinetic wave turbulence
(KWT), where the nonlinear broadening overcomes the
discreteness, i.e., Ω > ∆ω, with ∆ω as the frequency dis-
creteness associated with ∆k. For Ω < ∆ω, the number
of interacting quartets of the wave field is reduced, result-
ing in a deviation from the dynamics predicted by WTT.
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This regime is called discrete wave turbulence (DWT),
featuring clusters of interacting quartets which may con-
stitute a cascade [15–17]. Both experiments and numer-
ical simulations of DWT have shown, in many cases,
steepened spectra compared to the KWT regime [7, 9–
12], as well as restricted energy transfer (confined within
small wave numbers) [8, 18] or “frozen turbulence” [7]
for sufficiently small Ω. The transition from the DWT to
the KWT regime is associated with an increasing nonlin-
earity level which triggers a “spectral avalanche” in the
corresponding “sandpile” model [19].
The traditional KWT-DWT description implies that
the deviation of bounded domain dynamics from WTT
depends only on the nonlinearity level and wave num-
ber discreteness. In the present work, we show that this
traditional understanding overlooks a key property - the
structure of the discrete resonant manifold (DRM) that
survives as nonlinear broadening Ω approaches zero, i.e.,
the discrete set of resonant quartets which satisfy (1)
with Ω = 0. To illustrate this idea, we conduct a nu-
merical study of the Majda, McLaughlin, Tabak (MMT)
equation [20–22] in two dimensions with dispersion re-
lation ω = |k|2 on rational and irrational tori (periodic
domains of rational and irrational aspect ratios), which
correspond to different structures of DRM. We show re-
markably different power-law spectra on these two tori,
with the rational-torus spectral slope approaching the
WTT solution with decreasing nonlinearity, in contrast
to the steepened spectrum on the irrational torus (which
agrees with the traditional understanding of DWT). The
dynamical differences between the tori are interpreted
through the different DRM structures, over which a sum-
mation of resonant interactions critically determines the
energy cascade. It is found that the DRM approximates
the continuous resonant manifold (CRM) of WTT (i.e.,
the continuous set satisfying (1) with Ω = 0) only on the
rational torus. This can be tied to a recent number the-
oretic result [23], which rigorously equates the Riemann
sum over the DRM of the rational torus to the integra-
tion over the CRM with a constant factor difference. We
conclude by outlining the implications of our findings to
general physical wave contexts.
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2FIG. 2. The initial spectra (– – –) and fully-developed power-law spectra ( L) calculated with νopt at different values of  on
(a) T2r and (b) T2ir. The power-law spectra are shifted for clarity, representing =0.03, 0.01, 0.003, 0.001 and 0.0003 from top
to bottom. The linear fit for the top and bottom spectra are indicated (· · ·).
FIG. 1. Resonant quartets with k, k1, k2 and k4 forming the
four vertices of a quadrilateral (a) on T2r, where all possible
orientations on the discrete wave number grid are allowed,
and (b) on T2ir, where only horizontal/vertical orientations
are allowed.
II. NUMERICAL SETUP
We consider the the two-parameter (α, β) MMT equa-
tion in two spatial dimensions:
i
∂ψ
∂t
= |∂x|αψ + |∂x|−β/4
(∣∣∣|∂x|−β/4ψ∣∣∣2 |∂x|−β/4ψ) ,
(2)
where ψ ≡ ψ(x, t) with x the spatial coordinates and t
the time. |∂x|α denotes a multiplication by kα on each
spectral component in wave number domain, with k =
|k|. The parameter α = 2 is chosen, resulting in ω = k2,
the same dispersion relation as the nonlinear Schrdinger
equation. We choose β = −4, which corresponds to the
explosion regime of evolution [24], i.e., a fast spectral
evolution with nonlinear time scale decreasing with the
increase of k. The MMT equation (2) corresponds to a
Hamiltonian system with the Hamiltonian H = H0 +H1
where
H0 =
∫
x∈R2
∣∣∣|∂x|α/2ψ∣∣∣2 dx,
H1 =
∫
x∈R2
1
2
∣∣∣|∂x|−β/4ψ∣∣∣4 dx. (3)
Application of WTT on (2) (on an infinite domain)
yields an analytical solution of
nk ≡ 〈ψˆkψˆk〉 ∼ kγ0 , (4)
where γ0 = −14/3, ψˆk is the Fourier transform of ψ, ψˆk
denotes the complex conjugate of ψˆk, and angle brack-
ets denote an ensemble average. This isotropic spectrum
represents a stationary solution of the WTT kinetic equa-
tion [22, 25]
∂nk
∂t
=
∫
4pik2k21
(k1,k2,k3)∈R2
k22k
2
3(nk1nk2nk3 + nk1nk2nk
−nk1nk3nk − nk2nk3nk)δ (k1 + k2 − k3 − k)
δ (ωk1 + ωk2 − ωk3 − ωk) dk1dk2dk3,
(5)
where δ is the Dirac delta function.
In order to study the effect of DRM structure, we also
consider (2) on rational and irrational tori T2r and T2ir of
sizes 2pi × 2pi/q, with q = 1 for T2r and q2 =
√
2 for T2ir.
The corresponding discrete wave numbers are taken from
the sets Z2r,ir ≡ Z×qZ. While any irrational number q re-
sults in an irrational torus, the particular value q2 =
√
2
eliminates the majority of resonant quartets that exist in
T2r. We provide a sketch of the allowed resonant quartets
on T2r and T2ir in figure 1, with theoretical justification
given in [25].
3FIG. 3. Spectral slope γ computed using νopt as a function
of  on T2r ( L) and T2ir (– – –). The uncertainties associated
with νR are shown by the vertical bars. The WTT analytical
solution γ0 = −14/3 is indicated (· · ·).
We simulate (2) using a GPU-accelerated pseudo-
spectral method with 170× 170 alias-free modes on both
T2r and T2ir. Although the irrational number q2 =
√
2
is truncated in its double-precision representation, suffi-
ciently many digits are kept to capture its full effect on
the DRM. Multiple simulations of free-decay turbulence
are conducted, starting from isotropic Gaussian spectra
with random phases covering a broad range of nonlinear-
ity levels. To model damping at high wave numbers, we
add a term −iν|∂x|8ψ to the right hand side of (2). The
parameter ν takes values νR ≡ [2.50×10−17, 2.50×10−16],
for which clear power-law spectra can be observed at all
nonlinearity levels of interest. We further consider an op-
timal value νopt (for each nonlinearity level on each torus)
that corresponds to the smallest ν in νR without result-
ing in “bottleneck” energy accumulation at high wave
numbers. In the next section, we report results for νopt
as well as uncertainty bars associated with νR.
III. RESULTS
We define the nonlinearity level of a wave field as
 ≡ H1/(H0 + H1). In figure 2, the initial and fully-
developed spectra nk at different values of  obtained
with νopt are plotted for T2r and T2ir. We see that, starting
from initial Gaussian spectra, the fully-developed spec-
tra exhibit power-law forms with inertial ranges of about
2/3∼4/3 decades depending on  on each torus. We eval-
uate the spectral slope γ based on a linear fit of the iner-
tial power-law range (see dashed line indication in figure
2).
Figure 3 plots the spectral slope γ obtained with νopt
as a function of  (ranging two orders of magnitude) on
both tori. We also include the uncertainty bars computed
from the range νR, which show insignificant impacts on
the values of γ (with an order of magnitude variation
of ν, the largest uncertainty in γ is O(0.5)). At high
nonlinearity levels, the values of γ on both tori are almost
identical, and about 0.5 smaller (i.e., steeper spectra)
FIG. 4. (a) P and (b) Pext/P as functions of  on T2r ( L)
and T2ir (– – –). The line of Pext/P = 1 (· · ·) is indicated
in (b).
than the WTT value γ0 = −14/3. With the decrease
of nonlinearity, the spectral slope γ exhibits remarkably
different behaviors on the two tori. On T2ir, γ decreases
with , indicating steepened spectra in agreement with
previous observations on other wave systems [7, 9–12].
However, on T2r, γ approaches and remains at γ0 with
the decrease of , a trend unexplained by the traditional
KWT-DWT theory.
To understand the behavior of γ, we further investi-
gate the energy cascade on both tori. Unlike the pre-
vious evaluation of energy flux P based on the dissipa-
tion (or energy input) rate [e.g. 9, 26–28], we develop a
new approach to evaluate P directly from the dynamical
equation (2), which rules out the uncertainties associated
with the quasi-stationary state and the artificial form of
the dissipation. The new approach also allows us to dis-
tinguish the contribution to P from exact-resonant and
quasi-resonant interactions, i.e., P = Pext + Pqua, a key
element of our analysis. From a control volume argu-
ment, we obtain
P∗ = −
∑
k<kb
ωk
∂nk
∂t
∣∣∣∣
∗
, (6)
where ∗ denotes either ext or qua (i.e., quantities asso-
ciated with exact resonance or quasi-resonance), and kb
is a wave number in the inertial range. We use kb = 25
for the subsequent results and have confirmed that the
choice of kb does not affect our conclusions. The quantity
∂nk/∂t|∗ can be directly derived from (2) [25]:
∂nk
∂t
∣∣∣∣
∗
=
∑
(k1,k2,k3)∈S∗
2kk1k2k3Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉,
for k,k1,k2,k3 ∈ Z2r or Z2ir,
(7)
where Im denotes the imaginary part of a function,
Sext ≡ {(k1,k2,k3)|k1 + k2 − k3 − k = 0, ωk1 + ωk2 −
ωk3−ωk = 0}, and Squa ≡ {(k1,k2,k3)|k1+k2−k3−k =
0, ωk1 + ωk2 − ωk3 − ωk 6= 0}.
4FIG. 6. (a) the CRM, (b) the DRM on T2r and (c) the DRM on T2ir for k2 = (−36, 31q) and k3x = −22.
FIG. 5. Probability density function (PDF) of Re{ψ} ( L) at
 = 0.0003 on T2r, compared with the Gaussian distribution
(– – –).
Figure 4(a) shows the total flux P as a function of  for
both tori. The values of P on T2r are consistently larger
than those on T2ir, with a pronounced difference (about
one decade) for small . This indicates that the energy
cascade is far more efficient on T2r, especially at low non-
linearity. We further plot Pext/P as a function of  in fig-
ure 4(b). With the decrease of , it is found that Pext/P
on T2r quickly approaches unity, showing the dominance
of exact resonance on the energy cascade at low nonlin-
earity. The regime of Pext/P ≈ 1 occurs consistently
with γ ≈ γ0 for nonlinearity level  . 0.005 on T2r. On
the other hand, the ratio Pext/P on T2ir increases much
slower, not exceeding 50% in the range of nonlinearities
of interest. This analysis implies that the surviving exact
resonances at low nonlinearity are critical in understand-
ing the agreement between γ and γ0 on T2r, as well as the
steepened spectrum on T2ir.
IV. ROLE OF THE DRM
In this section, we further investigate the structure of
the resonant set Sext, termed the discrete resonant man-
ifold (DRM), which becomes increasingly important to
the dynamics with the decrease of nonlinearity level. In
particular, we will show that ∂nk/∂t|ext in (7) is related
to the WTT kinetic equation, which explains γ = γ0 at
low nonlinearity on T2r.
It has been rigorously proven by number theory [23]
that for the dispersion relation ω = k2 on the T2r, the
summation in (7) over Sext (the DRM) converges to an
integral on the corresponding CRM with a factor differ-
ence in the limit of high wave numbers. Built on the
continuous resonant equation given in [23], we can derive
[25]
∂nk
∂t
∣∣∣∣
ext
∼
∫
2kk1k2k3
(k1,k2,k3)∈Sext
Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉dk1dk2dk3,
for k,k1,k2,k3 ∈ R2.
(8)
At low nonlinearity, ∂nk/∂t = ∂nk/∂t|ext on T2r. We can
then formulate the kinetic equation (5) (up to a factor
difference) based on (8), under the quasi-Gaussian statis-
tics of ψ, which we have confirmed with numerical data
at low nonlinearity (figure 5). Therefore, the spectral
slope on T2r yields γ = γ0 as in the stationary solution of
(5). On the other hand, (8) is not satisfied for T2ir, re-
sulting in the steepened spectra at low nonlinearity level
as previously explained in the KWT-DWT framework.
We further elaborate the structure of the DRMs on
T2r and T2ir using a numerical example. For visualiza-
tion, we fix k2 = (−36, 31q) and k3x = −22, and pa-
rameterize the set Sext = {k1x, k1y, k3y} by k. We plot
Sext∩{k,k1,k2,k3 ∈ R2} (CRM), Sext∩{k,k1,k2,k3 ∈
T2r} (DRM on T2r) and Sext∩{k,k1,k2,k3 ∈ T2ir} (DRM
on T2ir) in figure 6. While the DRM on T2r resembles the
CRM, the DRM on T2ir is fundamentally different with
a diminished number of resonant quartets. The salient
contrast in these DRM structures is the inherent reason
for different DWT dynamics on T2r and T2ir.
5V. CONCLUSIONS AND DISCUSSIONS
Through simulations of the 2D MMT equation (with
dispersion relation ω = k2) on rational and irrational
tori (T2r and T2ir), we identify the critical effect of the
structure of discrete resonant manifold (DRM) on dis-
crete wave turbulence (DWT). On T2r, the DRM struc-
ture resembles the continuous resonant manifold (CRM),
with a Riemann summation over the DRM converging
to an integral over the CRM. The spectral slope thus
approaches γ0 for low nonlinearity as predicted by the
WTT kinetic equation. On T2ir, the DRM is altered by
the diminished number of resonant quartets, leading to
steepened spectrum and reduced energy cascade capacity
with the decrease of nonlinearity.
The DRM structure relies on the number-theoretic
properties of Sext (in particular whether (7) can be re-
lated to (8)). These properties depend on the disper-
sion relation, domain aspect ratio and dimensionality,
and the number of modes involved in each interaction.
Therefore, different physical wave systems may have dif-
ferent DWT dynamics, which leads to much richer and
more diverse physics than that in the unified KWT-DWT
framework (e.g., capillary wave turbulence on T2r shows
steepened spectrum [9] in contrast to MMT turbulence).
More number-theoretic results are also needed to estab-
lish the connection between (7) and (8) for other physical
dispersion relations.
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Supplemental Material for the Paper
“The Effect of Discrete Resonant Manifold Structure on Discrete Wave turbulence”
Alexander Hrabski and Yulin Pan
Department of Naval Architecture and Marine Engineering,
University of Michigan, Ann Arbor, Michigan 48109, USA
In this document, we provide:
I. formulations regarding the two-dimensional (2D) MMT equation, the kinetic equation, and its analytical power-
law solution in an infinite domain
II. formulations regarding energy transfer associated with the MMT equation on a torus and its connection to the
continuous resonant system
III. the configurations of the resonant quartets on T2r and T2ir
I. MMT FORMULATIONS IN AN INFINITE DOMAIN
We start from the 2D MMT equation (parameters α = 2 and β = −4):
i
∂ψ
∂t
= |∂x|αψ + |∂x|−β/4
(∣∣∣|∂x|−β/4ψ∣∣∣2 |∂x|−β/4ψ) . (1)
Taking the (non-unitary) Fourier transform ψ → ψˆk of (1), we obtain the k-domain representation:
i
∂ψˆk
∂t
= k2ψˆk +
∫
k1,k2,k3∈R2
kk1k2k3ψˆk1 ψˆk2 ψˆk3δ (k1 + k2 − k3 − k) dk1dk2dk3. (2)
Defining 〈ψˆkψˆk′〉 = nkδ(k − k′), the evolution of nk can be derived (through the subtraction of (2)×ψˆk from its
conjugate):
∂nk
∂t
=
∫
k1,k2,k3∈R2
2kk1k2k3Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉δ (k1 + k2 − k3 − k) dk1dk2dk3. (3)
The following derivation for the kinetic equation involves the standard procedure to relate the forth-order moment
in (3) to second-order correlations through the quasi-Gaussian closure model. The detailed procedure can be found
in [1–4]. Taking a large time limit of the result ((3) with second-order correlations) yields the kinetic equation:
∂nk
∂t
=
∫
k1,k2,k3∈R2
4pik2k21k
2
2k
2
3 (nk1nk2nk3 + nk1nk2nk − nk1nk3nk − nk2nk3nk)
δ (k1 + k2 − k3 − k) δ (ωk1 + ωk2 − ωk3 − ωk) dk1dk2dk3.
(4)
While a complete derivation of the Kolmogorov-Zakharov spectra (for both forward and inverse cascades) can be
formulated [1, 3, 4], only the spectral slope γ0 for the forward cascade is of interest for our present work. The value
of γ0 can be conveniently obtained through γ0 = −2s/3 − d (for quartet resonance) [3], where d is the dimension of
k and s is degree of homogeneity of the interaction kernel V = kk1k2k3. With d = 2 and s = −β = 4 (for MMT), we
obtain γ0 = −14/3.
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2II. MMT FORMULATIONS ON A TORUS
We define the Fourier series ψ(x) =
∑
k∈Z2r,ir ψˆke
ik·x (for simplicity, we do not distinguish ψˆk from the infinite
domain notation), where Z2r,ir ≡ Z×qZ with q = 1 for T2r and q2 =
√
2 for T2ir. The wave number domain formulation
of (1) then yields
i
∂ψˆk
∂t
= k2ψˆk +
∑
k1,k2,k3∈Z2r,ir
k1+k2−k3−k=0
kk1k2k3ψˆk1 ψˆk2 ψˆk3 , (5)
Defining Sext ≡ ({k1,k2,k3)|k1+k2−k3−k = 0, ωk1+ωk2−ωk3−ωk = 0}, and Squa ≡ {(k1,k2,k3)|k1+k2−k3−k =
0, ωk1 + ωk2 − ωk3 − ωk 6= 0}, we split the summation in (5) into two terms
i
∂ψˆk
∂t
= k2ψˆk +
∑
k1,k2,k3∈Z2r,ir
(k1,k2,k3)∈Sext
kk1k2k3ψˆk1 ψˆk2 ψˆk3 +
∑
k1,k2,k3∈Z2r,ir
(k1,k2,k3)∈Squa
kk1k2k3ψˆk1 ψˆk2 ψˆk3 , (6)
Considering nk = 〈ψˆkψˆk〉 for the discrete case, the evolution of nk can be derived (through similar procedures as
the infinite domain case)
∂nk
∂t
=
∑
k1,k2,k3∈Z2r,ir
(k1,k2,k3)∈Sext
2kk1k2k3Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉+
∑
k1,k2,k3∈Z2r,ir
(k1,k2,k3)∈Squa
2kk1k2k3Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉. (7)
It has been proved in [5] as a number theory problem that∑
k1,k2,k3∈Z2r
(k1,k2,k3)∈Sext
aˆk1 aˆk2 aˆk3 ∼
∫
k1,k2,k3∈R2
(k1,k2,k3)∈Sext
aˆk1 aˆk2 aˆk3dk1dk2dk3, (8)
in the limit of high wave numbers.
By setting aˆk = kψˆk, (8) can be used to replace the sums over Sext in (6) and (7) on T2r with integrals over the
CRM. Under low nonlinearity, the term regarding Squa in (7) approaches zero, and we arrive at
∂nk
∂t
=
∂nk
∂t
∣∣∣∣
ext
∼
∫
k1,k2,k3∈R2
(k1,k2,k3)∈Sext
2kk1k2k3Im〈ψˆkψˆk1 ψˆk2 ψˆk3〉dk1dk2dk3, on T2r. (9)
III. RESONANT QUARTETS ON T2r AND T2ir
We consider the exact resonance condition for a quartet:
k1 + k2 − k3 − k = 0,
ωk1 + ωk2 − ωk3 − ωk = 0,
(10)
with dispersion relation ωk = |k|2. For discrete wave number k = (n, qm) with m,n ∈ Z on T2r (q = 1) and T2ir
(q2 =
√
2), the resonance condition (10) can be expanded as
n1 + n2 − n3 − n = 0 (11)
m1 +m2 −m3 −m = 0 (12)
n21 + n
2
2 − n23 − n2 = −q2
(
m21 +m
2
2 −m23 −m2
)
(13)
3FIG. 1. Sketches of the quadrilaterals formed by vertices k, k1, k2 and k3 on (a) T2r and (b) T2ir.
Substituting (11) and (12) into (13) yields
(n1 − n)(n2 − n) = −q2(m1 −m)(m2 −m) (14)
For T2r (q = 1), (14) is reduced to (k1−k)·(k2−k) = 0, i.e., (k1−k) ⊥ (k2−k). Combined with (11) and (12), it can
be understood that the four vertices represented by k, k1, k2 and k3 form a quadrilateral with arbitrary orientations
allowed on the discrete wave number grid (figure 1(a)). For T2ir (q2 =
√
2), (14) holds only if LHS=RHS=0, i.e.,
n ∈ {n1, n2} and m ∈ {m1,m2}. Therefore, the four vertices k, k1, k2 and k3 form a quadrilateral with only
horizontal/vertical orientations allowed, i.e., aligned with axes (figure 1(b)).
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